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Duelwudjh dqg vwdwh sulfh gh dwruv lq d
jhqhudo lqwhuwhpsrudo iudphzrun




Lq vhfxulwlhv pdunhwv/ wkh fkdudfwhul}dwlrq ri wkh devhqfh ri duel0
wudjh e| wkh h{lvwhqfh ri vwdwh sulfh gh dwruv lv jhqhudoo| rewdlqhg
wkurxjk wkh xvh ri wkh Nuhsv0\dq wkhruhp1
Wklv sdshu ghdov zlwk wkh ydolglw| ri wklv wkhruhp +vhh ^48‘/ ^54‘,
lq d jhqhudo iudphzrun1 Pruh suhflvho|/ zh vd| wkdw wkh Nuhsv0\dq
wkhruhp lv ydolg iru dq rughuhg wrsrorjlfdo yhfwru vsdfh +[>￿>[n, li
iru hdfk forvhg frqyh{ frqh F lq [ vxfk wkdw F ￿ [3 dqg F _[n @
i3j/ wkhuh h{lvwv d vwulfwo| srvlwlyh frqwlqxrxv olqhdu ixqfwlrqdo rq [/
zkrvh uhvwulfwlrq wr F lv qrq0srvlwlyh1
Zh ￿uvw vkrz wkdw wkh Nuhsv0\dq wkhruhp lv qrw ydolg iru vsdfhv
OR+￿>I>S, li +￿>I>S, idlov wr eh vljpd0￿qlwh1
Wkhq zh suryh wkdw wkh Nuhsv0\dq wkhruhp lv ydolg iru wrsrorjlfdo
yhfwru vsdfhv lq vhsdudwlqj gxdolw| k[>\l/ surylghg \ vdwlv￿hv erwk
d ￿frpsohwhqhvv frqglwlrq￿ dqg d ￿Olqghoøi0olnh frqglwlrq￿1
Zh dsso| wklv uhvxow wr wkh fkdudfwhul}dwlrq ri wkh qr0duelwudjh
dvvxpswlrq lq d jhqhudo lqwhuwhpsrudo iudphzrun1




Lq wkh dssolfdwlrqv ri vwrfkdvwlf fdofxoxv wr Pdwkhpdwlfdo Ilqdqfh/ wkh iro0
orzlqj txhvwlrq kdv wxuqhg rxw wr eh ri sduwlfxodu lpsruwdqfh=
+T,= Ohw Efc￿cfn￿ ghqrwh dq rughuhg orfdoo| frqyh{ wrsrorjlfdo
yhfwru vsdfh/ dqg ohw tn ghqrwh wkh vhw ri qrqqhjdwlyh frqwlqxrxv
olqhdu ixqfwlrqdov rq f l1h1 vxfk wkdw k%c+l￿f/ iru doo % 5 fn1
Ohw ￿ eh d forvhg frqyh{ frqh lq f vxfk wkdw ￿ ￿ f31L i
￿ _ fn ’ ifj/ fdq zh ￿qg d vwulfwo| srvlwlyh olqhdu ixqfwlrqdo
+ 5 tnn/ vxfk wkdw + m￿￿ fBE |+ ￿vwulfwo| srvlwlyh￿/ zklfk zh
ghqrwh e| + 5 tnn/ zh phdq wkdw/ iru hdfk % 5 fn/ % 9’f /z h
kdyh k+c%l : f1
Wkh uhdvrq iru wkh uhohydqfh ri wklv txhvwlrq lq wkh frqwh{w ri Pdwkhpdw0
lfdo Ilqdqfh lv wkdw wkh frqglwlrq ￿ _ fn ’ ifj lv uhodwhg wr d qr0duelwudjh
frqglwlrq/ zkloh wkh h{lvwhqfh ri d vwulfwo| srvlwlyh ixqfwlrqdo lv uhodwhg wr
wkh h{lvwhqfh ri d srvlwlyh vwdwh sulfh gh dwru1
\dq +4<;3, surylghv d srvlwlyh dqvzhu wr wkh deryh txhvwlrq li f htxdov
u￿ElcIc￿￿ hqgrzhg zlwk lwv qdwxudo rughu vwuxfwxuh ryhu d suredelolw| vsdfh
ElcIc￿￿ dqg ￿ lv jlyhq e| wkh qrup wrsrorj|1 Lw lv hdv| wr yhuli| wkdw
zh pd| uhsodfh ￿ pxwdwlv pxwdqglv ￿ wkh dvvxpswlrq wkdw ElcIc￿￿ lv d
suredelolw| vsdfh e| wkh dvvxpswlrq wkdw ElcIc￿￿ lv d vljpd0￿qlwh phdvxuh
vsdfh dqg wkh vsdfh u￿ElcIc￿￿ e| dq| vsdfh uRElcIc￿￿ iru ￿ ￿ R￿41
Nuhsv +4<;4, surylghv d srvlwlyh dqvzhu wr wkh vdph txhvwlrq iru d vsdfh f
hqgrzhg zlwk d Kdxvgru￿ wrsrorj| ￿ li hlwkhu ￿hyhu| vxevhw ri tn lv zhdn-
vhsdudeoh￿/ ru ￿wkhuh h{lvwv d frxqwdeoh vxevhw i%￿c￿￿￿j ri fn vxfk wkdw iru
hyhu| % 5 fn/ wkhuh h{lvwv b:f dqg dq ? vxfk wkdw % ￿ b%?￿ dqg hlwkhu
￿Efc￿￿ lv qrupdeoh￿ ru ￿iru hyhu| frxqwdeoh vxevhw i+￿c￿￿￿j ri tn/ wkhuh
h{lvw uhdo qxpehuv b￿c￿￿￿ vxfk wkdw b? : f iru doo ?/
S"
?’￿ b? ’￿dqg S"
?’￿ b?+? 5 tn￿1 Lq \dq +4<;3, dv lq Nuhsv +4<;4,/ wkh ￿uvw sduw ri wkh
surri frqvlvwv lq d Kdkq0Edqdfk vhsdudwlrq dujxphqw1 Wkh vhfrqg sduw ri
wkh surri uholhv rq h{kdxvwlrq dujxphqwv iru \dq dqg vhsdudelolw| dujxphqwv
iru Nuhsv +frpsduh ^4;‘ iru d suhvhqwdwlrq ri wkh surri,1
Lq wkh qh{w zh vkdoo vd| wkdw wkh Nuhsv0\dq wkhruhp lv ydolg iru dq ru0
ghuhg wrsrorjlfdo yhfwru vsdfh Efc￿cfn￿ +vlpso| ghqrwhg e| Efc￿￿ li wkh
rughu vwuxfwxuh lv reylrxv, li dq d!updwlyh dqvzhu fdq eh jlyhq wr wkh deryh
txhvwlrq +T,1 Wklv sdshu ghdov zlwk wkh ydolglw| ri wkh Nuhsv0\dq wkhruhp
iru vshfl￿f vsdfhv Efc￿￿1
5Lw lv vkrzq lq ^43‘ wkdw li d forvhg frqyh{ frqh ￿ lq vrph vshfl￿f vsdfh
u￿Ee lc e Ice >￿/ zkhuh Ee lc e Ice >￿ lv d qrw vljpd0￿qlwh phdvxuh vsdfh/ vdwlv￿hv
wkh dvvxpswlrqv ri wkh Nuhsv0\dq wkhruhp/ l1h1 ￿ ￿ u￿
3Ee lc e Ice >￿ dqg ￿ _
u￿
nEe lc e Ice >￿’ifj/ wrjhwkhu zlwk dq dgglwlrqdo whfkqlfdo frqglwlrq +wkdw
hqdeohv wr uhzulwh wkh sureohp lq whupv ri vljpd0￿qlwh phdvxuh vsdfhv,/ wkhq
zh fdq ￿qg d vwulfwo| srvlwlyh + 5 u"Ee lc e Ice >￿ vxfk wkdw + m￿￿ f1 Wkh
txhvwlrq lqyhvwljdwhg lq Vhfwlrq 5 lv zkhwkhu wklv whfkqlfdo frqglwlrq pd| eh
gursshg/ l1h1/ zkhwkhu wkh Nuhsv0\dq wkhruhp dv vwdwhg deryh dovr h{whqgv
wr qrq0vljpd0￿qlwh phdvxuh vsdfhv Ee lc e Ice >￿1Z hv k r zl qV h f w l r q5w k d ww k h
dqvzhu lv qhjdwlyh lq jhqhudo1
Vhfwlrq 6 ghdov zlwk d jhqhudo yhuvlrq ri wkh Nuhsv0\dq wkhruhp lq wkh
frqwh{w ri wrsrorjlfdo yhfwru vsdfhv lq gxdolw|1 Ohw kfct l eh lq vhsdudwlqj
gxdolw|1 Zh frqvlghu wkh wrsrorjlfdo yhfwru vsdfh Efc￿￿/ zkhuh ￿ ghqrwhv
dq| wrsrorj| frpsdwleoh zlwk wkh gxdolw|1 Zh vkrz wkdw wkh Nuhsv0\dq
wkhruhp lv ydolg iru Efc￿￿ li 4, iru hyhu| vhtxhqfh E+?￿"
?’￿ 5 t wkhuh duh
vwulfwo| srvlwlyh qxpehuv Ek?￿"
?’￿ vxfk wkdw
S"
?’￿k?+? frqyhujhv lq t zlwk
uhvshfw wr wkh jEtcf￿0wrsrorj| +￿Frpsohwhqhvv￿ frqglwlrq, dqg 5, iru hyhu|
idplo| E+k￿kMU lq tn/ wkhuh lv d frxqwdeoh vxevhw E+k?￿
"
?’￿ vxfk wkdw iru hyhu|
% 5 fn iru zklfk wkhuh lv vrph k 5 U zlwk k%c+kl : f/z hf d q￿ q gv r p h
? 5 Q vxfk wkdw k%c+k?l : f +￿Olqghoøi0olnh frqglwlrq￿,1
Wklv yhuvlrq ri wkh Nuhsv0\dq wkhruhp lv wkhq dssolhg lq Vhfwlrq 7 wr vrph
frqfuhwh h{dpsohv1 Iru lqvwdqfh/ zh frqvlghu wkh deryh phqwlrqhg vsdfh
f ’ u￿Ee lc e Ice >￿ frqvlghuhg lq ^43‘/ hqgrzhg qrw dq|pruh zlwk wkh qrup
wrsrorj| exw zlwk d +zhdnhu, wrsrorj| ￿ frpsdwleoh zlwk wkh gxdolw| kfct l
i r udv s d f ht vwulfwo| vpdoohu wkdq u"Ee lc e Ice >￿ jlyhq e| wkh vhw ri htxlydohqfh
fodvvhv ri dgdswhg surfhvvhv + ’E +|￿|M-n vxfk wkdw wkh wudmhfwrulhv | :$
+|E/￿ duh xqlirupo| erxqghg dqg fªgoªj1 Zh dovr frqvlghu wkh vsdfh f ’
PEl ￿ -ncR￿ ri htxlydohqfh fodvvhv ri ￿qlwh phdvxuhv > rq wkh rswlrqdo
vljpd0dojheud R hqgrzhg zlwk d wrsrorj| ￿ frpsdwleoh zlwk wkh gxdolw|
kfctl iru wkh vdph vsdfh t 1 Zh vkrz wkdw lq erwk fdvhv +dv zhoo dv iru
vrph yduldqwv ri wkhp, wkh Nuhsv0\dq wkhruhp lv ydolg iru Efc￿￿1
Ilqdoo|/ lq Vhfwlrq 8/ zh jlyh dssolfdwlrqv wr Pdwkhpdwlfdo Ilqdqfh1 Zh
fkdudfwhul}h wkh dvvxpswlrq ri qr0iuhh oxqfk +d voljkwo| vwurqjhu dvvxpswlrq
wkdq wkh rqh ri qr0duelwudjh, lq d jhqhudo prgho ri lqyhvwphqw1
Uhvxowv rq wkh Nuhsv0\dq wkhruhp dqg wkh fkdudfwhul}dwlrq ri wkh qr0
duelwudjh frqglwlrq kdyh ehhq rewdlqhg lq +dprqj rwkhuv, Gx!h0Kxdqj +4<;9,/
Vwulfnhu +4<<3,/ Ghoedhq +4<<5,/ Fodun +4<<6,/ Odnqhu +4<<6,/ Iulwwhool0Odnqhu
6+4<<7,/ Vfkdfkhupd|hu +4<<7,/ Ghoedhq0Vfkdfkhupd|hu +4<<7/ 4<<;,/ Nohlq0
Vfkdfkhupd|hu +4<<9,1
Lq Gx!h0Kxdqj +4<;9,/ wkh vsdfh Efc￿￿ lv qruphg dqg vhsdudeoh1 Wkh
dssolfdwlrq ri \dq*v wkhruhp wr wkh fkdudfwhul}dwlrq ri wkh qr0duelwudjh frq0
glwlrq lv lqwurgxfhg lq Vwulfnhu +4<<3,> wkhuh wkh vsdfh Efc￿￿ lv wkh vsdfh
uRElcIc￿￿ ryhu d suredelolw| vsdfh ElcIc￿￿ iru R 5 d￿c4￿/ hqgrzhg zlwk
wkh qrup wrsrorj|1 Ghoedhq +4<<5, ghdov zlwk wkh vsdfh u"ElcIc￿￿ ryhu d
suredelolw| vsdfh ElcIc￿￿/ hqgrzhg zlwk wkh Pdfnh| wrsrorj| ￿ Eu"cu￿￿1
Lq Fodun +4<<6,/ d vhsdudeoh Edqdfk vsdfh f lv frqvlghuhg> lw lv qrwhg wkdw
rqh pd| xvh wkh fodvvlfdo Kdoprv0Vdydjh wkhruhp +vhh ^<‘, wr irupdol}h wkh
h{kdxvwlrq dujxphqw lq \dq +4<;3,1 Lq Vfkdfkhupd|hu +4<<7,/ wkh vsdfh
Efc￿￿ lv wkh vsdfh u"ElcIc￿￿ iru d suredelolw| vsdfh ElcIc￿￿/ hqgrzhg
zlwk wkh zhdn- wrsrorj| jEu"cu ￿￿1 Odnqhu +4<<6, ghdov zlwk wrsrorjlfdo
vsdfhv lq +qrw qhfhvvdulo| vhsdudwlqj, gxdolw| k￿c￿l/ zkhuh ￿ lv d vxe0
vsdfh ri u￿ElcIc￿￿ dqg ￿ d vxevsdfh ri u"ElcIc￿￿ iru d suredelolw|
vsdfh ElcIc￿￿1 Ghoedhq0Vfkdfkhupd|hu +4<<7/ 4<<;, frqvlghu wkh vsdfh
u"ElcIc￿￿ ryhu d suredelolw| vsdfh ElcIc￿￿/ hqgrzhg zlwk wkh qrup
wrsrorj|1
Lq Nohlq0Vfkdfkhupd|hu +4<<9e,/ d txdqwlwdwlyh yhuvlrq ri wkh Kdoprv0
Vdydjh wkhruhp lv rewdlqhg dqg dssolhg wr fkdudfwhul}h wkh devhqfh ri dv0
|pswrwlf duelwudjh +frpsduh Ndedqry0Nudpnry +4<<7/ 4<<;, dqg Nohlq0
Vfkdfkhupd|hu +4<<9d,,1
5 \dq*v wkhruhp grhv qrw h{whqg wr wkh qrq0
vljpd0￿qlwh fdvh
Lw lv vkrzq lq ^43‘ wkdw li d forvhg frqyh{ frqh ￿ lq vrph vsdfh u￿Ee lc e Ice >￿/
zkhuh Ee lc e Ice >￿ lv d +qrw vljpd0￿qlwh, phdvxuh vsdfh/ vdwlv￿hv wkh frqglwlrqv
ri wkh Nuhsv0\dq wkhruhp/ l1h1 ￿ ￿ u￿
3Ee lc e Ice >￿ dqg ￿ _u￿
nEe lc e Ice >￿’ifj/
dqg dq dgglwlrqdo frqglwlrq +wr eh ghvfulehg ehorz,/ wkhq zh fdq ￿qg d
vwulfwo| srvlwlyh frqwlqxrxv olqhdu ixqfwlrqdo rq f zkrvh uhvwulfwlrq wr ￿
lv qrq0srvlwlyh1 Wkh dgglwlrqdo frqglwlrq/ dowkrxjk kdylqj dq lqwxlwlyh hfr0
qrplf lqwhusuhwdwlrq/ lv pdwkhpdwlfdoo| qrw yhu| vdwlvidfwru|1 Wkh txhvwlrq
lqyhvwljdwhg lq wklv vhfwlrq lv zkhwkhu wkh Nuhsv0\dq wkhruhp lv ydolg iru
qrq0vljpd0￿qlwh phdvxuh vsdfhv Ee lc e Ice >￿1 Lq rwkhu zrugv/ fdq wkh dgglwlrqdo
frqglwlrq lq ^43‘ eh gursshgB





vdwlvi|lqj wkh xvxdo frqglwlrqv ri vdwxudwhgqhvv
dqg uljkw frqwlqxlw| dqg gh￿qh wkh +qrq0vljpd0￿qlwh, phdvxuh vsdfh Ee lc e Ice >￿
dv wkh gluhfw vxp ri wkh suredelolw| vsdfhv ElcI|c￿￿/ l1h1 e l lv wkh glvmrlqw
xqlrq ri frqwlqxxp pdq| frslhv El|￿|M- n ri l/ e I lv wkh vljpd0dojheud ri
vhwv ￿ ￿ ￿ e l vxfk wkdw ￿ ￿ _ l| 5I |/i r uh d f k| 5 -n/ dqg e > lqgxfhv rq hdfk ￿
l|c e Im l|
￿
wkh ruljlqdo suredelolw| phdvxuh ￿1
Zh wkhq pd| uhsuhvhqw wkh Edqdfk odwwlfh f ’ u￿Ee lc e Ice >￿ dv wkh vsdfh
ri doo idplolhv s ’E s|￿|M- n vxfk wkdw iru doo | 5 -n/ s| 5 u￿ElcI|c￿￿ dqg




Wkh ￿qlwhqhvv ri wkh deryh vxp lpsolhv lq sduwlfxodu wkdw s| ’firu doo
exw frxqwdeo| pdq| |*v lq -n1 Wkh gxdo vsdfh ri f pd| eh uhsuhvhqwhg dv
u"Ee lc e Ice >￿/ zklfk lv gh￿qhg dv wkh vsdfh ri doo idplolhv } ’E }|￿|M-n vxfk
wkdw/ iru doo | 5 -n/ }| 5 u"ElcI|c￿￿ dqg
n}nu"Ee lc e 5ce >￿ ’ t￿T
|M-n
n}|nu"Elc5|c￿￿ ￿ 41
Wkh vfdodu surgxfw lv gh￿qhg e| ksc}l ’
S
|M-nks|c} |l1
Wkh dgglwlrqdo frqglwlrq lqwurgxfhg lq ^43‘ frqvlvwv lq dvvxplqj wkdw
wkhuh h{lvwv d vhtxhqfh _ ’E _?￿?MQ lq -n vxfk wkdw iru hdfk wlph |W ￿ fc iru
doo ￿|W lq 8|W ri srvlwlyh suredelolw|/ wkhuh h{lvwv S lq ￿ ri wkh irup S|W ’f
rxwvlgh ￿|W/ S| ’firu doo |￿| W/ S| ￿ f iru doo |:| W/ dqg wkhuh h{lvwv _? 5 _/
￿ dS_? : fo : f +vhh ^43‘ iru dq hfrqrplf lqwhusuhwdwlrq ri wklv frqglwlrq,1 Lw lv
vkrzq wkdw li d forvhg frqyh{ frqh ￿ lq u￿Ee lc e Ice >￿ vdwlv￿hv ￿ ￿ u￿
3Ee lc e Ice >￿/
￿ _ u￿
nEe lc e Ice >￿’ifj dqg wklv dgglwlrqdo frqglwlrq/ wkhq wkhuh h{lvwv } ’
E}|￿|M-n 5 u"Ee lc e Ice >￿ zlwk ￿ d}| : fo ’ ￿ iru hdfk | 5 -n/ vxfk wkdw ￿
lv frqwdlqhg lq wkh kdoi0vsdfh M} ’
q
s 5 u￿Ee lc e Ice >￿Gksc}l￿f
r
1Z hq r z
vkdoo surylgh d vlpsoh h{dpsoh vkrzlqj wkdw wkh dgglwlrqdo frqglwlrq fdqqrw
eh gursshg/ l1h1 wkdw wkh Nuhsv0\dq wkhruhp grhv qrw h{whqg wr qrq0vljpd0
￿qlwh phdvxuh vsdfhv +lq jhqhudo,1
H{dpsoh 4 Ohw l vlpso| frqvlvw ri rqh srlqw/ vr wkdw ElcI|c￿￿ lv wkh wulyldo
suredelolw| vsdfh/ iru hdfk | 5 -n1 Lq wklv fdvh/ u￿Ee lc e Ice >￿￿ pd| eh lghqwl0
￿hg zlwk ,￿E-n￿’
q
Es|￿|M-ncs | 5 -c
S
|M-n ms|m ￿ 4
r
dqg u"Ee lc e Ice >￿ zlwk
8,"E-n￿1I l {|f 5 -n dqg gh￿qh ￿ ￿ ,￿E-n￿ e|
￿ ’
￿





Qrwlqj wkdw iru hyhu| s 5 ,￿
nE-n￿/ s 9’f /z hk d y ht￿T|M-n s| : f/z hv h h
wkdw ￿ _ ,￿
nE-n￿’ifj1 Lw lv dovr vwudljkwiruzdug wr yhuli| wkdw ￿ lv forvhg
lq ,￿E-n￿ dqg wkdw ￿ frqwdlqv wkh qhjdwlyh ruwkdqw ,￿
3E-n￿1
Zh vkdoo qrz vkrz wkdw/ iru hdfk } ’E }|￿|M-n lq ,"E-n￿ vxfk wkdw }| : f
iru doo | 5 -n/ ￿ lv qrw frqwdlqhg lq wkh kdoi vsdfh M} ’ is 5 ,￿E-n￿G
ksc}l￿fj1 Lqghhg/ iru vxfk dq hohphqw } zh fdq ￿qg 0:f vxfk wkdw }| :0
iru lq￿qlwho| pdq| |*v1 Ohw ￿:} |f*0 dqg ￿qg |￿c￿￿￿c| ￿ vxfk wkdw }|￿ ￿ 0/
iru ￿ 5i ￿c￿￿￿c￿j1 Wkh hohphqw




e| ghqrwlqj wkh ||￿ xqlw yhfwru ri ,￿E-n￿/ lv dq hohphqw ri ￿ iru zklfk zh
kdyh




l1h1 s lv qrw lq wkh kdoi vsdfh M}1 ￿
Lqvwhdg ri lpsrvlqj wkh whfkqlfdo frqglwlrq lq ^43‘ wkhuh lv dovr dqrwkhu
zd| wr uhphg| wkh skhqrphqrq hqfrxqwhuhg lq wkh deryh h{dpsoh ￿ l1h1/
wkh idloxuh ri wkh Nuhsv \dq wkhruhp= zh pd| zhdnhq wkh wrsrorj| rq wkh
vsdfh u￿Ee lc e Ice >￿1 Lq idfw/ wklv zloo eh wkh pdlq wrslf ri wkh uhpdlqghu ri
wklv sdshu1
Wr prwlydwh wklv lghd uhfdoo wkdw lq wkh deryh h{dpsoh zh kdyh frqvlg0
huhg wkh qrup wrsrorj| rq u￿Ee lc e Ice >￿ vr wkdw lwv gxdo htxdov u"Ee lc e Ice >￿1
Frqvlghulqj wkh hohphqwv } ’E }|￿|M-n 5 u"Ee lc e Ice >￿ dv ixqfwlrqv rq l￿-n
qrwh wkdw/ iru ￿{hg / 5 l/ wkh ixqfwlrq | :$ }|E/￿ grhv qrw reh| dq| frqwl0
qxlw| ru phdvxudelolw| uhtxluhphqwv1 Lq idfw/ vrph dgglwlrqdo fduh zrxog eh
uhtxluhg lq rughu wr eh hyhq deoh wr vshdn derxw wkh srlqwzlvh wudmhfwrulhv
| :$ }|E/￿ dv E}|￿|M-n lv vwulfwo| vshdnlqj qrw d idplo| ri ixqfwlrqv exw rqo|
d idplo| ri htxlydohqfh fodvvhv ri ixqfwlrqv1
Lq dq| fdvh/ wkh vsdfh t ’ u"Ee lc e Ice >￿ v h h p vp x f kw r re l ji r udx v h i x o
hfrqrplf lqwhusuhwdwlrq dqg vkrxog eh uhsodfhg e| d vsdfh t ri pruh uhjxodu
9surfhvvhv/ h1j1/ wkh dgdswhg erxqghg surfhvvhv E+|￿|M-n zklfk doprvw vxuho|
kdyh fªgoªj +ru fªjoªg/ ru frqwlqxrxv, wudmhfwrulhv1
Wklv ohdgv xv wr frqvlghu wkh vsdfh f ’ u￿Ee lc e Ice >￿ lq gxdolw| zlwk wkh
vsdfhv t sursrvhg deryh dqg wr htxls f zlwk d wrsrorj| ￿ frpsdwleoh zlwk
wkh gxdo sdlu kfct l/ Zh vkdoo vhh ehorz wkdw lq wklv vhwwlqj zh gr kdyh d
srvlwlyh uhvxow ri Nuhsv0\dq w|sh1
Zk| grhv wkh deryh frxqwhuh{dpsoh qrw fduu| ryhu wr wklv vhwwlqjB Re0
vhuyh/ iru h{dpsoh/ wkdw/ xvlqj wkh deryh qrwdwlrq/ e|? 5 f frqyhujhv wr
e| 5 f zlwk uhvshfw wr wkh wrsrorjlhv ￿ sursrvhg deryh/ li |? whqgv wr |
+iurp deryh lq wkh fdvh ri fªgoªj/ iurp ehorz lq wkh fdvh ri fªjoªg dqg lq dq
duelwudu| pdqqhu lq wkh fdvh ri frqwlqxrxv wudmhfwrulhv,1 Wklv frqyhujhqfh
pdnhv dovr jrrg vhqvh hfrqrplfdoo|1 Ilqdoo| revhuyh wkdw lq H{dpsoh 4/ wkh
forvxuh ri wkh frqh ￿ zlwk uhvshfw wr wkh deryh wrsrorjlhv grhv lqwhuvhfw wkh
srvlwlyh frqh ri f ’ u￿Ee lc e Ice >￿ lq d qrq0wulyldo zd| +lq idfw wkh forvxuh ri
￿ htxdov wkh hqwluh vsdfh f ’ u￿Ee lc e Ice >￿,1
Lq wkh qh{w vhfwlrq zh ghyhors d iudphzrun lq wkh frqwh{w ri wrsrorjlfdo
yhfwru vsdfhv lq gxdolw| wr suryh d jhqhudo yhuvlrq ri wkh Nuhsv0\dq wkhruhp
zklfk wkhq lv dssolhg lq Vhfwlrq 7 wr wkh deryh vnhwfkhg vlwxdwlrq dv zhoo dv wr
vrph yduldqwv ri lw1 Ilqdoo| lq Vhfwlrq 8 zh jlyh dssolfdwlrqv wr Pdwkhpdwlfdo
Ilqdqfh1
6 D jhqhudo yhuvlrq ri wkh Nuhsv0\dq wkhr0
uhp iru rughuhg orfdoo| frqyh{ vsdfhv
Zh frqvlghu d sdlu kfct l ri yhfwru vsdfhv lq vhsdudwlqj gxdolw|1 Ohw Efc￿￿
eh d yhfwru vsdfh/ hqgrzhg zlwk d wrsrorj| frpsdwleoh zlwk wkh gxdolw|41
Rq f zh duh jlyhq d ￿0forvhg frqh fn/ ri qrq0qhjdwlyh hohphqwv/ vxfk wkdw
fn _ E￿fn￿’ifj dqg fn ￿ fn ’ f1 Ohwwlqj %￿ ￿ %2 li %2 ￿ %￿ 5 fn
zh kdyh hqgrzhg f zlwk dq rughu vwuxfwxuh1 Ohw tn ’ i+ 5 t G k%c+l￿
fc iru % 5 fnj dqg tnn ’ i+ 5 t G k%c+l : fc iru % 5 fnc%9’f j1
Zh dvvxph iurp qrz rq wkdw Efc￿￿ vdwlv￿hv wkh iroorzlqj plog frpsohwh0
qhvv dvvxpswlrq1
Dvvxpswlrq +F,= Iru hyhu| vhtxhqfh E+?￿"
?’￿ 5 t wkhuh duh vwulfwo| srvlwlyh
4Zh uhfdoo wkdw d wrsrorj| rq [ lv vdlg wr eh frpsdwleoh zlwk wkh gxdolw| k[>\l li lw




?’￿k?+? frqyhujhv lq t zlwk uhvshfw wr wkh
jEtcf￿0wrsrorj|1
Zh qrwh wkdw wklv lv dq dvvxpswlrq rq wkh orfdoo| frqyh{ wrsrorjlfdo
yhfwru vsdfh f/d vEfc￿￿ ghwhuplqhv t dv zhoo dv wkh jEtcf￿0wrsrorj| rq
t 1
Qrwh/ iru h{dpsoh/ wkdw li wkhuh h{lvwv d qrup n￿nt rq t / xqghu zklfk t lv
d Edqdfk vsdfh dqg zklfk lqgxfhv d ￿qhu wrsrorj| wkdq jEtcf￿/ dvvxpswlrq
+F, lv vdwlv￿hg1 Wklv revhuydwlrq zloo wdnh fduh ri doo wkh h{dpsohv frqvlghuhg
lq wkh qh{w vhfwlrq1
Iru d +udwkhu sdwkrorjlfdo, h{dpsoh zkhuh wkh idloxuh ri dvvxpswlrq +F,
fdxvhv wkh Nuhsv0\dq wkhruhp qrw wr krog wuxh zh uhihu wr ^4<‘1
Wkh qh{w dvvxpswlrq lv pruh uhvwulfwlyh lq dssolfdwlrqv dv lw uxohv rxw hfr0
qrplfdoo| pruh lpsruwdqw vlwxdwlrqv/ h1j1/ wkh fdvh Efc￿￿’E u￿Ee lc e Ice >￿cn￿
n￿￿ frqvlghuhg lq wkh suhylrxv vhfwlrq1 Zkloh wkh ohwwhu +F, deryh vwdqgv iru
￿frpsohwhqhvv￿ wkh qrwdwlrq +O, dooxghv wr wkh ￿Olqghoøi frqglwlrq￿ hqfrxq0
whuhg lq jhqhudo wrsrorj|1
Dvvxpswlrq +O,= Iru hyhu| idplo| E+k￿kMU lq tn/ wkhuh lv d frxqwdeoh vxevhw
E+k?￿?MQ vxfk wkdw iru hyhu| % 5 fn iru zklfk wkhuh lv vrph k 5 U zlwk
k%c+kl : f/ zh fdq ￿qg vrph ? 5 Q vxfk wkdw k%c+k?l : f1
Qrz zh duh uhdg| wr vwdwh wkh pdlq wkhruhp ri wklv sdshu1
Wkhruhp 4 Li Efc￿￿ vdwlv￿hv +F, dqg +O,/ wkhq wkh Nuhsv0\dq wkhruhp
krogv wuxh/ l1h1/ iru hdfk forvhg frqyh{ frqh ￿ lq f vxfk wkdw ￿ ￿ f3 dqg
￿ _ fn ’ ifj/ wkhuh h{lvwv d vwulfwo| srvlwlyh frqwlqxrxv olqhdu ixqfwlrqdo
+ 5 tnn/v x f kw k d w+ m￿￿ f1
Surri Qrz wkdw zh kdyh lvrodwhg wkh fuxfldo ihdwxuhv lq wkh deryh gh￿0
qlwlrqv/ wkh surri lv doprvw uhgxfhg wr d irupdolw|1 Wkh ￿uvw vwhs frqvlvwv ri
d +Kdkq0Edqdfk w|sh, vhsdudwlrq wkhruhp1 Qrwh wkdw wkh vsdfh f lv orfdoo|
frqyh{ dqg wkdw ￿ lv d qrqhpsw| forvhg frqyh{ vhw lq f1 Il{ % 5 fn/ % 9’f >
qrwlqj wkdw %* 5 ￿/ wkhuh h{lvwv d forvhg k|shusodqh vwulfwo| vhsdudwlqj ￿ dqg
i%j1 Vlqfh ￿ lv frpsdwleoh zlwk wkh gxdolw| kfctl/ dq| frqwlqxrxv olqhdu
ixqfwlrqdo rq f lv lqgxfhg e| vrph + 5 t 1 Khqfh zh rewdlq wkdw iru doo
% 9’flq fn/ wkhuh h{lvwv +% 9’flq t vxfk wkdw iru vrph k/
kSc+%l￿k￿k%c+%l iru doo S 5 ￿1+ 4 ,
Vlqfh ￿ lv d frqyh{ frqh/ zh fdq wdnh k ’f 1 Vlqfh f3 ￿ ￿/ k&c+%l￿f iru
doo & lq fn dqg wkhuhiruh +% 5 tn1
;Zh kdyh vr idu rewdlqhg wkdw wkh vhw J￿i + 5 tnc+m￿￿ fj lv qrw uhgxfhg
wr ifj1 Lq idfw/ iru hdfk ￿{hg % 5 fn/ % 9’f / wkhuh lv +% 5Jvdwlvi|lqj
k%c+%l : f1Z hq h h gw rs u r y hw k d wJ kdv d qrqhpsw| lqwhuvhfwlrq zlwk tnn1
Wr gr vr zh dsso| dq h{kdxvwlrq dujxphqw1 Zh frqvlghu wkh vxevhw E+%?￿
"
?’￿
ri E+%￿%Mfn jlyhq e| frqglwlrq +O,1 Frqglwlrq +F, hqvxuhv wkh h{lvwhqfh ri




?’￿ k?+? frqyhujhv iru wkh zhdn
wrsrorj| jEtcf￿ wr vrph + 5 t 1 Lw lv wkhq fohdu wkdw + ehorqjv wr tnn dqg
wkdw + m￿￿ f1 ￿
Uhpdun 4 Zh revhuyh wkdw wkh dvvxpswlrqv +F, dqg +O, ri wkh deryh wkh0
ruhp ghshqg rq wkh wrsrorj| ￿ fkrvhq rq f rqo| wr wkh h{whqw wkdw ￿ ghwhu0
plqhv wkh gxdo vsdfh t 1 Lq rwkhu zrugv/ +F, dqg +O, duh vdwlv￿hg iru Efc￿￿
li dqg rqo| li wkh| duh vdwlv￿hg iru EfcjEfct￿￿1
Qrwlfh wkdw +O, lv wkh qdwxudo frqglwlrq zklfk uhgxfhv wkh surri ri wkh
Nuhsv0\dq wkhruhp wr d irupdolw|1 Wr ixuwkhu prwlydwh wkh lqwurgxfwlrq ri
frqglwlrq +O,/ zh uhfdoo wkh iroorzlqj zhoo0nqrzq uhvxow zklfk lv d vwudljkw0
iruzdug frqvhtxhqfh ri wkh Kdoprv0Vdydjh wkhruhp iurp Pdwkhpdwlfdo Vwd0
wlvwlfv ^<‘1 Zh dovr phqwlrq wkdw lwv lpsruwdqfh iru Pdwkhpdwlfdo Ilqdqfh
kdv ehhq qrwlfhg e| Fodun +iru ixuwkhu uh￿qhphqwv dulvlqj lq wkh frqwh{w ri
dv|pswrwlf duelwudjh zh dovr uhihu wr Ndedqry0Nudpnry +4<<7/ 4<<;, dqg
Nohlq0Vfkdfkhupd|hu+4<<9d/ 4<<9e,,1
Ohppd 5 Li ElcIc>￿ lv d vljpd0￿qlwh phdvxuh vsdfh dqg Efc￿￿’E uR ElcIc>￿cn￿nR￿/
iru ￿ ￿ R￿4/r uEfc￿￿’E u" ElcIc>￿cjEu"cu ￿￿￿/ wkhq dvvxpswlrq +O,
lv vdwlv￿hg1
7 Vrph frqfuhwh h{dpsohv
Zh qrz frqvlghu ydulrxv vlwxdwlrqv wr zklfk Wkhruhp 4 pd| eh dssolhg1
Zh ￿{ d ￿owhuhg vwrfkdvwlf edvh ElcIcEI|￿|M-nc￿￿ vdwlvi|lqj wkh xvxdo
frqglwlrqv ri vdwxudwhgqhvv dqg uljkw frqwlqxlw|1
H{dpsoh 5 Ohw f ’ u￿Ee lc e Ice >￿ eh dv lq Vhfwlrq 5 dqg ohw t eh wkh vsdfh
ri htxlydohqfh fodvvhv ri dgdswhg surfhvvhv + ’E +|￿|M-n vxfk wkdw wkh wud0
mhfwrulhv | :$ +|E/￿ duh xqlirupo| erxqghg dqg fªgoªj/ iru doprvw doo / 5 l/
prgxor wkh surfhvvhv ydqlvklqj rxwvlgh dq hydqhvfhqw vhw1 Wklv lv d Edqdfk
<vsdfh iru wkh reylrxv qrup n￿n" dqg wkhuhiruh EfcjEfct ￿￿ kdv surshuw|
+F,1 Surshuw| +O, lv yhul￿hg e| wkh vxevhtxhqw Ohppd 61 Wkh idfw wkdw t
vhsdudwhv wkh srlqwv ri f dqg ylfh yhuvd lv qrw frpsohwho| wulyldo exw hdvlo|
yhul￿hg1
Rq f zh frqvlghu dq| yhfwru vsdfh wrsrorj| ￿ zklfk lv ehwzhhq wkh
jEfct￿0 dqg wkh Pdfnh| Efct ￿0wrsrorj|1
H{dpsoh 6d +uhvs1 e, Zh qrz frqvlghu t dv deryh exw wkh zrug fªgoªj
uhsodfhg e| fªjoªg +uhvs1 frqwlqxrxv,1 Lq rughu wr kdyh wkdw t vhsdudwhv
wkh srlqwv ri f/ zh kdyh wr fkdqjh wkh gh￿qlwlrq ri f= lqvwhdg ri uhtxlulqj
}| 5 u" Elc8 |c￿￿/ zh kdyh wr uhtxluh wkdw }| 5 u" Elc8 |3c￿￿1
Zh qrz fdq jr rqh vwhs ixuwkhu= lqvwhdg ri rqo| frqvlghulqj wkh vsdfh
f ’ u￿Ee lc e Ice >￿ zh pd| hqodujh wklv vsdfh wr frqvlvw ri doo dgdswhg surfhvvhv
zlwk lqwhjudeoh yduldwlrq zklfk lv d pruh qdwxudo remhfw lq wkh frqwh{w ri
vwrfkdvwlf lqwhjudwlrq wkhru| dqg vwloo lq vhsdudwlqj gxdolw| zlwk wkh deryh
sursrvhg vsdfhv t 1 Iru dq hfrqrplf lqwhusuhwdwlrq ri wklv odujhu vsdfh zh
uhihu wr Vhfwlrq 8 ehorz1
H{dpsoh 7 +yduldqw ri H{dpsoh 5, Ohw f ’ PE-n ￿ lcR￿ eh wkh vsdfh
ri htxlydohqfh fodvvhv ri ￿qlwh phdvxuhv > rq wkh rswlrqdo vljpd0dojheud R/
ydqlvklqj rq wkh hydqhvfhqw vhwv1 Wkh yduldwlrq qrup n￿n￿ pdnhv wklv Edqdfk
vsdfh dq devwudfw u0vsdfh lq zklfk u￿Ee lc e Ice >￿ lv qdwxudoo| dqg lvrphwulfdoo|
hpehgghg +lw lv wkh vxevsdfh ri phdvxuhv vxssruwhg e| frxqwdeoh vxevhwv ri
-n,1
Dqrwkhu zd| ri uhsuhvhqwlqj f +e| lqwhjudwlqj wkh phdvxuh > rq hdfk i/j￿
-n, lv dv wkh vsdfh ri dgdswhg fªgoªj surfhvvhv ri lqwhjudeoh yduldwlrq1
f lv lq vhsdudwlqj gxdolw| zlwk wkh vsdfh t gh￿qhg lq H{dpsoh 51 Li zh
htxls f zlwk d wrsrorj| ￿ frpsdwleoh zlwk wkh gxdolw| kfctl wkhq djdlq
+O, iroorzv iurp wkh vxevhtxhqw Ohppd 61
H{dpsoh 8 d +uhvs1 e, +yduldqw ri H{dpsohv 6 d1 +uhvs1 e1,, Wdnh t dv
lq H{dpsoh 6 d +uhvs1 e,/ dqg f vlploduo| dv lq H{dpsoh 7/ exw qrz wkh
rswlrqdo vljpd0dojheud R uhsodfhg e| wkh suhglfwdeoh vljpd0dojheud S1L q
wklv fdvh f fdq eh uhsuhvhqwhg dv wkh vsdfh ri dgdswhg fªjoªg surfhvvhv ri
lqwhjudeoh yduldwlrq1





vdwlv￿hv wkh xvxdo frqglwlrqv ri uljkw frqwl0
qxlw| dqg vdwxudwhgqhvv1
Ohppd 6 Lq wkh vhwwlqj ri H{dpsohv 7/ 8d dqg 8e/ ohw E+k￿kMU eh d idplo|
ri hohphqwv lq tn1 Wkhq wkhuh lv d frxqwdeoh vxevhw E+k?￿?MQ vxfk wkdw iru
% 5 fn/ k%c+k?l ’firu doo ? 5 Q/ lpsolhv wkdw k%c+kl ’f / iru doo k 5 U1
Lw iroorzv wkdw lq doo wkh H{dpsohv 508/ frqglwlrq +O, lv vdwlv￿hg1
Surri D, Zh vwduw zlwk H{dpsoh 8 e1/ l1h1 wkh fdvh zkhuh t frqvlvwv ri wkh
+htxlydohqfh fodvvhv ri, dgdswhg frqwlqxrxv surfhvvhv + ’E +E|￿￿|M-n1
Ohw E+k￿kMU eh d jlyhq idplo| lq tn dv lq wkh vwdwhphqw ri frqglwlrq +O,1
Ohw EL￿￿"
￿’￿ eh d edvlv iru wkh wrsrorj| rq -n/ h1j1/ dq hqxphudwlrq ri wkh
rshq lqwhuydov zlwk udwlrqdo hqgsrlqwv1
Iru hdfk ￿ 5 Q dqg k 5 U ghqrwh e| ￿￿ck wkh vhw
￿￿ck ’ i/ G +kE|￿E/￿ : f/ iru doo | 5 L￿j +5,
zklfk fohduo| lv dq I0phdvxudeoh vxevhw ri l +vwulfwo| vshdnlqj/ lw lv dq
htxlydohqfh fodvv prgxor ￿0qxoo vhwv,1
Qrz surfhhg vlploduo| dv lq wkh surri ri wkh Kdoprv0Vdydjh wkhruhp wr
fkrrvh/ iru hdfk ￿ 5 Q/ d vhtxhqfh Ek?E￿￿￿
"






Zh fodlp wkdw wkh frxqwdeoh idplo| E+k?E￿￿￿?c￿ vdwlv￿hv rxu uhtxluhphqwv1
Lqghhg/ irup + ’
S
?c￿b?c￿+k?E￿￿/ zkhuh b?c￿ : f duh fkrvhq vxfk wkdw wkh vxp
frqyhujhv dqg ghqrwh e| 7 lwv vxssruwlqj vhw
7 ’ iE|c/￿G+E|￿E/￿ : fjc +7,
zklfk lv suhglfwdeoh dqg zhoogh￿qhg +prgxor hydqhvfhqw vhwv,1 Zh fodlp
wkdw/ iru hdfk k 5 U/ wkh vxssruwlqj vhw
7k ’ iE|c/￿G+kE|￿E/￿ : fj +8,
lv frqwdlqhg lq 7/ xs wr dq hydqhvfhqw vhw1 Lqghhg/ vxssrvh wkhuh lv 7 k 5 U iru
zklfk wklv lv qrw wkh fdvh1 Ghqrwlqj e| 7E/￿ dqg 77 kE/￿ wkh lqwhuvhfwlrqv ri
wkh vhwv 7 dqg 77 k zlwk -n ￿i/j/ revhuyh wkdw wkhvh vhwv duh +doprvw vxuho|,
44rshq vxevhwv ri -n1 Zkhqfh/ li ￿d/ G 77 kE/￿q7E/￿ 9’ >o : f zh pd| ￿qg
vrph ￿ 5 Q/v x f kw k d w
￿d/ G 77 kE/￿ ￿ L￿ dqg 7E/￿ $ L￿o : f￿ +9,
Exw wklv lv d frqwudglfwlrq wr wkh fkrlfh ri Ek?E￿￿￿
"
?’￿1
Khqfh dq| % 5 fn +zklfk lq wkh vhwwlqj ri H{dpsoh 8 lv d srvlwlyh




’f / iru doo ?c￿/
ydqlvkhv rq wkh suhglfwdeoh vhw 7 +xs wr dq hydqhvfhqw vhw, dqg wkhuhiruh
vdwlv￿hv k%c+kl ’f / iru doo k 5 U1
E, Zh qrz surfhhg wr wkh vlwxdwlrq ri H{dpsoh 7/ zkhuh t frqvlvwv ri
fªgoªj surfhvvhv + ’E +E|￿￿|M-n/ zklfk lv pruh gholfdwh1





7 dv deryh1 Exw qrz wkh vhw 7 rqo| lv lq wkh rswlrqdo vljpd0dojheud dv wkh
vhwv
7E/￿’i/ G +E|￿E/￿ : fj +:,
duh qrw qhfhvvdulo| rshq dq|pruh +wkh| duh wkh vxssruw ri d fªgoªj ixqfwlrq,1
Iru ￿{hg / 5 l ghqrwh e| uE/￿ wkh frxqwdeoh vhw ri srlqwv zkhuh +E|￿E/￿
ydqlvkhv dqg vxfk wkdw lw lv srvlwlyh lq dq rshq lqwhuydo wr wkh uljkw ri |/ l1h1/
uE/￿’i| 5 -n G wkhuh lv 0 ’ 0E|c/￿ : f vxfk wkdw
+Er￿E/￿ : f iru r 5o|c| n 0d dqg +E|￿’f j￿ +;,
Zk| lv wklv vhw lpsruwdqw iru xvB Iru hdfk k 5 U rqh yhul￿hv dv deryh
wkdw wkh lqwhulru ri wkh vhw 7kE/￿ lv frqwdlqhg lq 7E/￿ ￿0doprvw vxuho|> |hw
wkhuh pd| eh srlqwv | 5 -n vxfk wkdw +kE|￿E/￿ : f zkloh +E|￿E/￿’f 1E x wd
prphqw*v uh hfwlrq uhyhdov wkdw wkhvh srlqwv pxvw eh frqwdlqhg lq uE/￿1
Ohw u ’
V
/Ml uE/￿ ￿i /j1 Zh vkrz ehorz wkdw u pd| eh h{kdxvwhg e|
d vhtxhqfh EA&￿"




iEA&E/￿c/￿GA&E/￿ ￿ 4jc +<,
xs wr dq hydqhvfhqw vhw51
5Vlqfh O lv rswlrqdo dqg iru doo $/ O+$, lv frxqwdeoh/ wklv lv d vshfldo fdvh ri Ghoodfkhulh*v
Wkhruhp +Ghoodfkhulh/ +4<:5,/ fkds1 YL, wkdw O lv lqglvwlqjxlvkdeoh iurp d uhxqlrq ri
judskv ri rswlrqdo wlphv1 Iru wkh frqyhqlhqfh ri wkh uhdghu zh jlyh ehorz d surri ri wklv
uhvxow lq rxu vshfl￿f vhwwlqj1
45Dgplwwlqj wklv iru wkh prphqw zh surfhhg dv iroorzv= ￿uvw zh vkrz wkdw/
iru hdfk k 5 U/ 7k lv frqwdlqhg lq 7 ^ u/ xs wr dq hydqhvfhqw vhw> wklv zrunv
mxvw dv lq sduw D, deryh1
Exw wkh vhw u vwloo qhhgv vshfldo wuhdwphqw= iru k 5 U dqg & 5 Q/ ohw
￿&ck ’ i/ G A& E/￿ ￿ 4 dqg +kEA&￿E/￿ : fj +43,
dqg dsso| wkh suhylrxv dujxphqw wr ￿qg vhtxhqfhv Eq?E&￿￿"















?c& vdwlv￿hv wkh uhtxluhphqwv ri +O,1
Wr pdnh wkh surri vhoifrqwdlqhg +l1h1/ qrw uho|lqj rq Ghoodfkhulh*v wkhruhp/
phqwlrqhg lq irrwqrwh 5, zh vwloo kdyh wr frqvwuxfw wkh vwrsslqj wlphv A&1
Ohw
AfE/￿ ’ ￿?u i| ￿ fGwkhuh lv 0:f vxfk wkdw +Er￿E/￿ : fc
iru |￿r￿|n 0 dqg +E|￿E/￿’f j +45,
dqg lqgxfwlyho|/ iru hdfk frxqwdeoh ruglqdo ￿ ￿ ￿
A￿E/￿ ’ ￿?u i|:fG|:A #E/￿ iru #￿￿dqg wkhuh lv 0:f vxfk wkdw
+Er￿E/￿ : fciru |￿r￿|n 0 dqg +E|￿E/￿’f j +46,
zkhuh/ dv fxvwrpdu|/ zh ohw A￿E/￿’4 li wkh fruuhvsrqglqj vhw lv hpsw|1
Xvlqj wkh xvxdo frqglwlrqv rq wkh ￿owhuhg vsdfh rqh yhul￿hv lqgxfwlyho| wkdw
hdfk A￿ lv d vwrsslqj wlph1 Dv wkh idplo| EA￿￿￿ lv vwulfwo| lqfuhdvlqj dv orqj





Uhqxpehulqj wkh frxqwdeoh vhw EA￿￿f$￿$￿f e| EA&￿"
&’￿ zh kdyh frqvwuxfwhg d
vhtxhqfh ri vwrsslqj wlphv v1w1/ iru ￿ doprvw doo / 5 l/ iA&E/￿G& 5 Qj￿
uE/￿1
Wklv ￿qlvkhv wkh surri ri sduw E,1
F, Wkh fdvh ri fªjoªg wudmhfwrulhv +H{dpsoh 8 d1,= Wklv fdvh lv vlplodu wr
fdvh E, exw qrz wkh gholfdwh srlqw duh wkh iroorzlqj uljkw olplw srlqwv -E/￿
ri wkh vhw 7E/￿ +soxv wkh srlqw | ’f ,=
-E/￿’i| 5 -n G | ’fru wkhuh lv 0:f vxfk wkdw
+Er￿E/￿ : fc iru r 5o| ￿ 0c|d dqg +E|￿E/￿’f j +47,
46E| d vlplodu dujxphqw wkh vhw - ’
V
/Ml -E/￿￿i/j fdq qrz eh h{kdxvwhg
e| d vhtxhqfh ri suhglfwdeoh6 vwrsslqj wlphv EA&￿"
&’￿1










Wkh vhwv -E6￿ fdq eh h{kdxvwhg e| d vhtxhqfh ri suhglfwdeoh vwrsslqj









￿3￿ G +rE/￿ : f/i r u| ￿
￿
6
￿ r￿|dqg +rE/￿ : f
￿
￿ +49,
+Wklv wlph zh gr qrw qhhg wudqv￿qlwh lqgxfwlrq1,
Qrwlqj wkdw wkh vhw 7 qrz lv suhglfwdeoh/ wkh surri ri E, fduulhv ryhu
+pxwdwlv pxwdqglv, wr ￿qlvk wkh surri ri F,1
Ilqdoo| revhuyh wkdw surshuw| +O, iru wkh fdvh ri H{dpsohv 5/ 6d dqg 6e
qrz iroorzv dv vshfldo fdvhv ri wkh deryh dujxphqwv1 ￿
8 Dssolfdwlrqv wr Pdwkhpdwlfdo Ilqdqfh
Dv lq ^43‘/ zh frqvlghu d prgho lq zklfk djhqwv idfh lqyhvwphqw rssruwxqlwlhv




vdwlvi|lqj wkh xvxdo frqglwlrqv ri vdwxudwhgqhvv dqg uljkw frqwlqxlw| lv vshf0
l￿hg dqg ￿{hg1 Wkh vhw l uhsuhvhqwv doo srvvleoh vwdwhv ri wkh zruog1
Zh prgho lqyhvwphqw rssruwxqlwlhv zklfk duh dydlodeoh wr lqyhvwruv lq
wkh iroorzlqj zd|1 Ohw f eh dv lq H{dpsohv 7/ 8d dqg 8e1
Gh￿qlwlrq 4 Dq lqyhvwphqw lv vrph % 5 f1
Qrwlfh wkdw iurp dq hfrqrplf srlqw ri ylhz/ wklv prgho lv d jhqhudol}dwlrq
ri wkh prgho frqvlghuhg lq ^43‘ zkhuh f ’ u￿Ee lc e Ice >￿ dv lq Vhfwlrq 5/ dv zh
qrz pd| dovr prgho lq f frqwlqxrxv wlph sd|phqw vwuhdpv +zklfk pd| ru
pd| qrw eh devroxwho| frqwlqxrxv zlwk uhvshfw wr Ohehvjxh0phdvxuh,1
Zh frqvlghu d frqyh{ frqh a ￿ f ri dydlodeoh lqyhvwphqw rssruwxqlwlhv1
Zh duh ohg wr frqvlghu frqyh{ frqhv +lqvwhdg ri olqhdu vxevsdfhv, lq rughu wr
6Dv lq irrwqrwh 5/ zh dovr uhihu wr Ghoodfkhulh +4<:5/ Fkds1 YL,= vlqfh U lv suhglfwdeoh/
dqg iru doo $ 5 ￿/ U+$, lv frxqwdeoh/ U lv lqglvwlqjxlvkdeoh iurp d uhxqlrq ri judskv ri
suhglfwdeoh vwrsslqj wlphv1
47wdnh lqwr dffrxqw wkh idfw wkdw lqyhvwruv duh qrw qhfhvvdulo| deoh wr vhoo dq
lqyhvwphqw sodq/ dv lq wkh fdvh ri vkruw vdoh frqvwudlqwv ru wudqvdfwlrq frvwv
+vhh ^43‘ iru pruh ghwdlov,1 Zh dovr vxssrvh wkdw a frqwdlqv f3 zlwk wkh
hfrqrplf lqwhusuhwdwlrq wkdw djhqwv duh doorzhg wr wkurz dzd| prqh|1
Zh qrz gh￿qh duelwudjh rssruwxqlwlhv dqg iuhh oxqfkhv1 Dv lq H{dpsohv
7/ 8d dqg 8e uhvshfwlyho|/ ohw t eh wkh vsdfh ri htxlydohqfh fodvvhv ri dgdswhg
surfhvvhv + ’E +|￿|M-n vxfk wkdw wkh wudmhfwrulhv | :$ +|E/￿ duh xqlirupo|
erxqghg dqg fªgoªj +uhvs1 fªjoªg ru frqwlqxrxv,/ iru doprvw doo / 5 l/
prgxor wkh surfhvvhv ydqlvklqj rxwvlgh dq hydqhvfhqw vhw1
Gh￿qlwlrq 5 41 Dq duelwudjh rssruwxqlw| iru a lv dq dydlodeoh lqyhvw0
phqw % 5 ac vxfk wkdw % 5 fnqifj1
51 D iuhh oxqfk iru a lv vrph % 5 fnqifj/ vxfk wkdw wkhuh h{lvwv d qhw
E%k￿ ￿ a frqyhujlqj wr %1 Lq rwkhu zrugv d iuhh oxqfk lv dq hohphqw
% 5 fnqifj o|lqj lq 7 a
jEfct ￿
/ wkh forvxuh ri a zlwk uhvshfw wr jEfct￿1
Wkh gh￿qlwlrq ri dq duelwudjh rssruwxqlw| lv fohdu hqrxjk dqg fruuhvsrqgv
wr wkh xvxdo rqh1 Vlqfh7 fn ’ i% G k%c+l￿f ;+ 5 tnj/ dq duelwudjh rssru0
wxqlw| fdq htxlydohqwo| eh gh￿qhg dv vrph % 5 a vxfk wkdw k%c+l : f iru
doo + 5 tnn1 Wkh hfrqrplf lqwhusuhwdwlrq ri wklv gh￿qlwlrq lv wkh iroorzlqj
+vhh Odnqhu +4<<6, iru d vlplodu lqwhusuhwdwlrq,1 Wkh vhw tnn fruuhvsrqgv wr
doo srvvleoh qxp￿udluh ru glvfrxqw surfhvvhv1 Zh vxssrvh wkdw hdfk djhqw lq
wkh hfrqrp| kdv d vxemhfwlyh qxp￿udluh surfhvv dqg hdfk ri wkhvh qxp￿udluh
surfhvvhv pd| eh vhohfwhg e| dq djhqw1 Lq vxfk d frqwh{w/ d vxemhfwlyh duel0
wudjh rssruwxqlw| iru dq djhqw zlwk vxemhfwlyh qxp￿udluh surfhvv + 5 tnn lv
vrph % 5 ac vxfk wkdw k%c+l : f1 Vlqfh zh gr qrw dssursuldwh dq| vshfldo
vljql￿fdqfh wr dq djhqw yhuvxv wkh uhvw ri wkh djhqwv/ d +joredo, duelwudjh rs0
sruwxqlw| frphv iurp wkh frqvhqvxv ri doo djhqwv dqg zh gh￿qh dq duelwudjh
rssruwxqlw| dv dq lqyhvwphqw rssruwxqlw| zklfk lv frqvlghuhg dv d vxemhfwlyh
duelwudjh rssruwxqlw| e| doo srvvleoh djhqwv1 Dv iru iuhh oxqfkhv/ d iuhh oxqfk
ghqrwlqj wkh srvvlelolw| ri jhwwlqj duelwudulo| forvh wr dq duelwudjh rssruwx0
qlw|/ zh gh￿qh d vxemhfwlyh iuhh oxqfk iru dq djhqw zlwk vxemhfwlyh qxp￿udluh
surfhvv + 5 tnn dv d qhw E%k￿ ￿ a dqg % 5 f vxfk wkdw k%c+l : f/d q g
k%k ￿ Kkc+l$k %c+l iru Kk ￿ f1 Wkhq d +joredo, iuhh oxqfk lv dq lqyhvwphqw
rssruwxqlw|/ zklfk lv frqvlghuhg dv d vxemhfwlyh iuhh oxqfk e| doo srvvleoh
djhqwv1
7e| d gluhfw dssolfdwlrq ri wkh prqrwrqh fodvv wkhruhp1
48Dovr qrwlfh wkdw dv srlqwhg rxw e| Pdv0Frooho dqg ]dph +4<<4,/ lw lv
qdwxudo lq hfrqrplfv wr zrun zlwk wrsrorjlhv frpsdwleoh zlwk wkh gxdolw|
ehwzhhq d vsdfh ri phdvxuhv dqg d vsdfh ri frqwlqxrxv ixqfwlrqv1 Hvvhqwldoo|
ehfdxvh zlwk vxfk wrsrorjlhv/ fdvk vwuhdpv dw qhdue| wlphv duh frqvlghuhg dv
jrrg vxevwlwxwhv1 Lq rxu vshfl￿f vhwwlqj/ li |? whqgv wr | +iurp deryh lq wkh
fdvh ri fªgoªj/ iurp ehorz lq wkh fdvh ri fªjoªg dqg lq dq duelwudu| pdqqhu
lq wkh fdvh ri frqwlqxrxv wudmhfwrulhv,/ wkhq/ iru dq| wrsrorj| ￿ frpsdwleoh
zlwk wkh gxdolw| kfctl/ wkh fdvk  rz frqvlvwlqj ri m￿ dw gdwh |? frqyhujhv
wr wkh fdvk  rz frqvlvwlqj ri m￿ dw gdwh | zlwk uhvshfw wr ￿1 Pruh jhqhudoo|/
fdvk vwuhdpv zlwk dssur{lpdwho| htxdo dprxqwv dw qhdue| wlphv duh ￿forvh￿1
Wkhuhiruh/ li wzr fdvk vwuhdpv duh ￿forvh￿ lq wkh xvxdo vhqvh/ l1h1/ iru wkh wrwdo
yduldwlrq/ wkhq wkh| duh forvh lq rxu suhvhqw vhqvh1
Zh duh qrz lq d srvlwlrq wr vwdwh wkh iroorzlqj yhuvlrq ri wkh Ixqgdphqwdo
wkhruhp ri Dvvhw Sulflqj1
Fruroodu| 7 Lq wkh vhwwlqj ri H{dpsohv 7/ 8d dqg 8e wkh iroorzlqj frqgl0
wlrqv duh htxlydohqw=
41 Wkhuh lv qr iuhh oxqfk/ l1h1 7 a
jEfct ￿
_ fn ’ ifj1
51 Wkhuh lv vrph + 5 tnn vxfk wkdw + ma￿ f1
Wklv fruroodu| hqdeohv wr rewdlq d fkdudfwhul}dwlrq ri wkh qr0iuhh oxqfk
frqglwlrq e| wkh h{lvwhqfh ri d fªgoªj +uhvs1 fªjoªg/ uhvs1 frqwlqxrxv, vwdwh
sulfh gh dwru ru qxp￿udluh surfhvv/ zklfk uhvwulfwhg wr a lv qrqsrvlwlyh1
Iru wkh dssolfdwlrqv/ wkh fkrlfh ri wkh sdlu Efct ￿ dqg vxevhtxhqwo| ri wkh
wrsrorj| ghshqgv rq wkh qrwlrq ri forvhgqhvv zh zdqw wr dgrsw rq wkh vsdfh
ri fdvk vwuhdpv ru rq wkh surshuwlhv zh zdqw rq wkh qxp￿udluh surfhvvhv1
Uhihuhqfhv
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